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SUBMERSIONS FROM ALMOST PARA-HERMITIAN
MANIFOLDS

SHASHIKANT PANDEY

Dedicated to my father.

ABSTRACT. In this paper we study about anti-holomorphic semi-invariant sub-
mersion from almost para-Hermitian manifolds. We give example and investi-
gate integrability of all distribution involved in the submersion also we prove
that the O’Niell’s tensor T vanishes on the invariant vertical distribution. We
give necessary and sufficient condition for totally geodesicness and harmonicity
of such type of submersions.

1. INTRODUCTION

The theory of Riemannian submersions was introduced by O’Niell and Gray in
[4], [1], respectively and Watson introduced the Riemannian submersions between
almost complex manifolds in [8]. Riemannian submersion between almost contact
manifolds were studied by Chinea in [9] under the name of almost contact sub-
mersion. Riemannian submersion have been also studied for quaternionic Kihler
manifolds [20] and para-quaternionic Kéhler manifolds [3], [21]. Most of the stud-
ies related to Riemannian or almost Hermitian submersions can be found in book
[16]. The study of anti-invariant Riemannian submersions from almost Hermitian
manifolds were introduced by Sahin [6]. Recently Sahid and Tanveer extended this
notion to the case when the total manifold is nearly Kéhler in [2]. There are some
recent paper which involve other structures such as Lagrangian submersion [10], al-
most product submersion [22], sasakian [11], anti invariant Riemannian submersion
[19], semi-invariant submersion [7], semi-slant submersion [14] and H-slant sub-
mersion [13]. On the other hand para-complex manifolds, almost para-Hermitian
manifolds and para-Kédhler manifolds were defined by Libermann [18] in 1952. In
fact such manifolds arose in [17].

Semi-Riemannian submersion were initiated by O’Niell in his book [5]. It is
well known that such submersion have their application in Kaluza Klien theories,
Yang Mills equation, string theories and supergravity. For application of semi-
Riemannian submersion, see[15]. Since almost para-Hermitian manifolds are semi-
Riemannian manifolds so we can consider a semi-Riemannian submersion from semi-
Riemannian manifolds. In particular, the notion of semi-invariant is a natural
generalization of the notion anti-invariant submersion.

The paper is organized as follows. In section 2, we give some notions needed for
the paper. In section 3, we give the definition of anti-holomorphic semi-invariant
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semi-Riemannian submersions provide an example. In section 4, we study the
integrability and totally geodesicness of the distributions involved in the definition
of anti-holomorphic semi-invariant semi-Riemannian submersion. In section 5, we
shall prove the totally geodesicness and harmonicity of an anti-holomorphic semi-
invariant semi-Riemannian submersion.

2. PRELIMINARIES

In this section, we define almost para-Hermitian manifolds recall that the notion
of semi-Riemannian submersions from semi-Riemannian manifolds and give a brief
review of semi-Riemannian submersions also we define an anti-holomorphic semi-
invariant semi-Riemannian submersion.

An almost para-Hermitian manifold is a manifold M endowed with an almost
para-complex structure J # +I and a semi-Riemannian metric g such that

(2.1) JA=1

(2.2) g(JX,JY)=g(X,Y)

for X, Y € I'TM, where [ is the identity map the dimension of M is even and the
signature of ¢ is (m,m), where dim M = 2m. Consider an almost para-Hermitian
manifold (M, J, ¢g) and denoted by V the Livi-Civita connection on M with respect
to g. Then M is called a para-K#hler manifold if J is parallel with respect to V
that is

(2.3) (VxJ)Y =0

for X, Y e TTM [19].

Let (M,g) and (N, g,) be two connected semi-Riemannian manifolds of index
r (0 <r < dimM) and r (0 < v < dim N) respectively, with > r. A semi-
Riemannian submersion is a smooth map « : M — N which is onto and satisfies
the following conditions:

(a) a2 TuM — Tr(pyN is onto for all x € M.

(b) The fibers 7=1(z), z € N are semi-Riemannian submanifolds of M.

(c) 7. preserves scaler product of vectors normal to fibers.

The vectors tangent to the fibers are called vertical and those normal to the
fibers are called horizontal. We denote by D+ and D the vertical distribution and
the horizontal distribution respectively. Also by v and h the vertical and horizontal
projection respectively. A horizontal vector field X on M is said to be basic if X
is 7 related to a vector field Xon N has unique horizontal lift X to M and X is
basic.

We recall that the section of D+ and D are called the vertical vector fields and
horizontal vector fields respectively. A semi-Riemannian submersion 7 : M — N
determines two (1,2) tensor 7' and A on M, by the formula

TeF = hV,gvF +vV,ghF
ApF = hVygvF +ouVLghF (2.4)
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for any E,F € T'(TM), where v and h are vertical and horizontal projection.
From (9) it is easy to see that Tg and Ag are skew symmetric operators on the
tangent bundle of M reversing the vertical and horizontal distributions. We sum-
marize the properties of the tensor fields 7" and A. Let X,Y be vertical and U, W
be horizontal vector fields on M, then we have the following results

(2.5) T,V =TyU

1

On the other hand from (4) we get

VoW = TyW +VyW (2.9)
VuX = TyX+h(VyX) (2.8)
VxU = AxU+v(VxU) (2.9)
VxY = AxY +h(VxY) (2.10)

where Vi W = oVyW and h(VyX) = h(VxU) = AxU if X is basic. It is easy
to observe that T" acts on the fibers as the second fundamental form while A acts
on the horizontal distribution and measure of the obstruction to the integrability
of the distribution.

Finally, we recall that the notion of second fundamental form of a map between
semi-Riemannian manifolds. Let (M, g) and (N, g,,) be semi-Riemannian manifolds
and ¢ : (M,g) — (N, g,) a smooth map. Then the second fundamental form of ¢
is given by

(2.11) (Vo )(X,Y) =V56,Y — 6,(X,Y)

for X,Y € TTM. Where V? is the pullback connection and we denote conve-
niently by V the Livi-Civita connection of the metric g and g, recall that the ¢
is said to be harmonic if trace(V¢,) = 0 and ¢ is called a totally geodesic map if
(Vo )(X,Y) =0 for X,Y € I'TM. It is known that second fundamental form is
symmetric.

3. ANTI-HOLOMORPHIC SEMI-INVARIANT SUBMERSION

Definition 1. Let M be a 2k -dimensional almost para-Hermitian manifold with
Hermitian metric g and almost complex structure J and N be the semi-Riemannian
metric g,. A semi-Riemannian submersion 7 : (M,g,J) — (N, gy) is called semi-
imwvariant submersion if there is a distribution D C ker 7w, such that

kerm, = D@ DY, J(D)=D, J(D')C (kerm,)*t
where D+ is the orthogonal complement of D in ker7,.
In this case the horizontal distribution (ker 7, )" is decomposed as

(kerm, )t = J(DY) @ p
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where p is the orthogonal complementary distribution of J(D1) in (ker 7, )+ and
it is invariant with respect to J.

Definition 2. Let w: (M,g,J) — (N, gn) be a semi-invariant semi-Riemannian
submersion then we said 7 is an anti-holomorphic semi-invariant semi- Riemannian
submersion if

(kerm,)t = J(DY) ie. p={0}

If we let the dimension of distribution D (resp. D=) is 2m (resp. 2n). Then the
dim(M) = 2m + 2n and dim(N) = n.

An anti-holomorphic semi-invariant semi-Riemannian submersion is called a proper
anti-holomorphic semi-invariant semi-Riemannian submersion if m and n are non
Zero.

Now we are ready to study anti-holomorphic semi-invariant semi-Riemannian
submersion from para-Kihler manifold. We get how the K&hlerian structure on M
places restriction on the tensor fields 7' and A of an anti-holomorphic semi-invariant
semi-Riemannian submersion 7 : (M, g,J) — (N, gn).

Now we give an example of an anti-holomorphic semi-invariant semi-Riemannian
submersion.

T3+T4 )

Example 1. Define m: R* — Ry by w(x1,2,23,24) = ( s

Then the map 7 is a semi-Riemannian submersion and
ker 7, = D ® D+ where D =span(01,0z)
D+ =span(d3 + 04)
and ker 7 =span(dy — 03), where 0; = %
It is clear from definition the map 7 is a properlanti—holomwphic semi-tnvariant
semi-Riemannian submersion.

Lemma 3.1- Let 7 be a Lagrangian semi-Riemannian submersion from a para-
Kahler manifold (M, g,J) onto a semi-Riemannian manifold (N, g,). Then, we
get

(a) TyJX = JTy X

(b) AeJX = JAX

where V is a vertical vector field, £ is a horizontal vector field and X is a vector
field on M.

It is easy to show that this Lemma holds for an anti-holomorphic semi-invariant
semi-Riemannian submersion.

4. INTEGRABILITY AND TOTALLY GEODESICNESS

In this section, we shall prove the integrability and totally geodesicness of the
distributions.

Lemma 4.1- Let m be a semi-invariant semi-Riemannian submersion from a
para-K#hler manifold (M, g, J) onto a semi-Riemannian manifold (N, g,,). Then

(a) The anti-invariant distribution D+ is always integrable.

(b) The invariant distribution D is always integrable iff

9Tz JW —TwJZ,JX) =0
for Z,W € D and X € D*.
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Thus, using Lemma 3.1 and (2.5) we get the following result. From Lemma 4.1
we easily conclude the following result.

Lemma 4.2- Let 7 be an anti-holomorphic semi-invariant semi-Riemannian sub-
mersion from a para-Kéhler manifold (M, g, J) onto a semi-Riemannian manifold
(N, gyn). Then

(a) The anti-invariant distribution D+ is always integrable.

(b) The invariant distribution D is always integrable.

Now, we are ready to state one of the main results.

Theorem 4.3- Let m be an anti-holomorphic semi-invariant semi-Riemannian
submersion from a para-Kdhler manifold (M, g, J) onto a semi-Riemannian mani-
fold (N, g,). Then horizontal distribution (ker )" is integrable and totally geo-
desic, i.e. A=0.

Proof. The proof of this Theorem is similar to the proof of Theorem 4.5 ([7]).
So we leave it.

Note that the vertical distribution ker 7, is always integrable.

Lemma 4.4- Let 7 be an anti-holomorphic semi-invariant semi-Riemannian sub-
mersion from a para-Kéhler manifold (M, g,J) onto a semi-Riemannian manifold
(N, g,).Then the anti-invariant distribution D+ defines a totally geodesic foliation
in the fibers 7=1(z), z € N.

Proof. Suppose X,Y € D' and Z € D
using (2.1), (2.2), (2.7) and Lemma 3.1 we have

9(VxY,Z) = g(VxY,2)

g(JVxJY,Z) = g(VxJY,JZ)
9(TxJY,JZ) = g(JTxY,JZ)
= —g(ITxY,Z)=0

0

9(VxY,Z)
this complete the proof.

Also in a similar way, we have the following results.

Lemma 4.5- Let 7 be an anti-holomorphic semi-invariant semi-Riemannian sub-
mersion from a para-Kihler manifold (M, g, J) onto a semi-Riemannian manifold
(N, gn). Then the anti-invariant distribution D defines a totally geodesic foliation
in the fibers 7—1(z), z € N.

By Lemma 4.4 and 4.5, we have the result.
Theorem 4.6-Let m be an anti-holomorphic semi-invariant semi-Riemannian

submersion from a para-Kihler manifold (M, g, J) onto a semi-Riemannian mani-
fold (N, gp,). Then the fibers of 7 are locally product semi-Riemannian manifolds.
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Proof. If we see O’Niell tensor T' of the anti-holomorphic semi-invariant submer-
sion .

Suppose U,V € ker, and ¢ € (kerm,)* since (ker,)* = J(D1)

there is a vector field X € D+ such that £ = JX.

Then, we get
g(TyV,&) = g(TyV,JX)
= —g9(JIyV,X)
= —g(TyJV,X)
Hence for V € D we have
(4.1) g(TyV,€) =0
From (4.1) we get
(4.2) TyD =0

for U € ker m,. Thus using equation (4.2), we have the following main result.

Theorem 4.7- Let m be an anti-holomorphic semi-invariant semi-Riemannian
submersion from a para-Kdhler manifold (M, g, J) onto a semi-Riemannian mani-
fold (N, gp,).Then, we have

() TxZ =0=TzX

(b) Tz;W =0 where X € D+ and Z,W € D.

We easily see that from Theorem 4.7, T7¢ = 0 for any Z € D and € € (ker,)*.
Thus, we have the following results.

Corollary 4.8- Let m be an anti-holomorphic semi-invariant semi-Riemannian
submersion from a para-Kéhler manifold (M, g, J) onto a semi-Riemannian mani-
fold (N, g,,). Then, we have always Tz =0 for Z € D.

From the part (a) of the Theorem 4.7, we get:

Corollary 4.9- Let m be an anti-holomorphic semi-invariant semi-Riemannian
submersion from a para-Kéhler manifold (M, g, J) onto a semi-Riemannian mani-
fold (N, gp,). Then, the fibers of 7 are always mixed totally geodesic.

From the part (b) of Theorem 4.7, we have that:

Corollary 4.10- Let m be an anti-holomorphic semi-invariant semi-Riemannian
submersion from a para-Kéhler manifold (M, g, J) onto a semi-Riemannian mani-
fold (N, g, ). Then, the foliation of the invariant distribution D are totally geodesic
in the total space M.

Also from Theorem 4.7, it follows that.

Corollary 4.11- Let m be an anti-holomorphic semi-invariant semi-Riemannian
submersion from a para-Kihler manifold (M, g, J) onto a semi-Riemannian mani-
fold (N, g,). Then, T =0 iff TxY =0 for all X,Y € D+ ie. TpLD+ =0.

Hence, we can also get the following results.
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Corollary 4.12- Let m be an anti-holomorphic semi-invariant semi-Riemannian
submersion from a para-Kihler manifold (M, g, J) onto a semi-Riemannian mani-
fold (N, g,,). Then (ker 7,) defines a totally geodesic foliation iff T DL = 0.

Since O’Niell’s tensor A = 0 and by Corollary 4.12, we get:

Theorem 4.13- Let m be an anti-holomorphic semi-invariant semi-Riemannian
submersion from a para-Kéhler manifold (M, g, J) onto a semi-Riemannian man-
ifold (N,gn). Then, M is a locally product manifold Mierr,) X Mxern, )t iff
TpLD+ =0.

5. ToTALLY GEODESICNESS AND HARMONICITY OF THE ANTI-HOLOMORPHIC
SEMI-INVARIANT SEMI-RIEMANNIAN SUBMERSION

The smooth map ¢ between two semi-Riemannian manifolds is called totally
geodesic if V¢, =0

We shall examine the totally geodesicness and harmonicity of an anti-invariant
submersion in this section. Here we give necessary and sufficient condition for an
anti-holomorphic semi-invariant semi-Riemannian submersion from a para-Kéhler
manifold (M, g, J) onto a semi-Riemannian manifold (N, g,,) to be a totally geodesic
map.

Theorem 5.1- Let w be an anti-holomorphic semi-invariant semi-Riemannian
submersion from a para-Kihler manifold (M, g, J) onto a semi-Riemannian mani-
fold (N, g,). Then 7 is a totally geodesic map iff Tp» D+ = 0.

Proof. Since 7 is a semi-Riemannian submersion we have

(5.1) (Vi) (E,F)=0
for all B, F € (ker7,)* and for any X,Y € ker,,
using (2.7) we have
(Vr)(X,Y) = —m(VxY)
= —m.(TxY +VxY)
= —m(TxY)

since 7 is linear isometry between (ker 7.)* and TTN.
Hence, it follows that (V7. )(X,Y) =0iff TxY = 0 for all X,Y € ker 7. that is;

(5.2) (Vr)(X,)Y)=0<T=0

1

Similarly for any X € ker 7, and F € (ker7,)—, using (2.9), we get

(V) (B, X) = —m(VeX)
= _W*(AEX"FUVEX)

Since 7 is linear isometry between (ker 7,)* and TTN and A = 0, it gives that

(5.3) (Ve )(E,X)=0
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for any X € ker, and F € (ker7,)*.
Thus from (5.1), (5.2) and (5.3) we have (Vr,) =0iff T =0.

Now, we shall examine the harmonicity of an anti-holomorphic semi-invariant
semi-Riemannian submersion from a para-Kdhler manifold (M, g, J) onto a semi-
Riemannian manifold (N, g,). Recall that a smooth map ¢ is harmonic iff it has

2m-+n
minimal fibers [19]. Thus the submersion 7 is harmonic iff Y Ti, v =0
k=1
where (v, ........ ,Uam+n) 18 a local orthonormal frame of (ker 7,) but because of
Theorem 4.7, it follows that 7 is harmonic iff > T,,e; = 0.
k=1

Theorem 5.2- Let m be an anti-holomorphic semi-invariant semi-Riemannian
submersion from a para-Kéhler manifold (M, g, J) onto a semi-Riemannian mani-
fold (N, gp,).Then, 7 is harmonic iff

traceJTx =0 for all X € D*.

Proof. Let X # 0 vector field in D+
Then, for 1 <4 < n, using the skew symmetricalness of Tg
Using Lemma 3.1 and (2.5), we have

9(Te,ei, JX) = —g(Te,Jei, X)
= —g(JT., X, e;)
=3 _g(JTXei7 ei)

Hence, we get

(5.4) 9> Teei, JX) ==Y g(JTxei,e;)
k=1 k=1
for all X € D*.
Thus from (5.4) we have the results.
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